We present an analytical model for describing complex dynamics of a hybrid system consisting of resonantly coupled classical resonator and quantum structures. Classical resonators in our model correspond to plasmonic metamaterials of various geometries, as well as other types of nano-and microstructure, the optical responses of which can be described classically. Quantum resonators are represented by atoms or molecules, or their aggregates (for example, quantum dots, carbon nanotubes, dye molecules, polymer or bio-molecules etc), which can be accurately modelled only with the use of the quantum mechanical approach. Our model is based on the set of equations that combines well established density matrix formalism appropriate for quantum systems, coupled with harmonic-oscillator equations ideal for modelling sub-wavelength plasmonic and optical resonators. As a particular example of application of our model, we show that the saturation nonlinearity of carbon nanotubes increases multifold in the resonantly enhanced near field of a metamaterial. In the framework of our model, we discuss the effect of inhomogeneity of the carbon-nanotube layer (bandgap value distribution) on the nonlinearity enhancement.
Introduction
Accurate description of the dynamics of interacting classical systems is a fundamental problem. The current approach is to use a set of coupled equations for two (or more) harmonic oscillators, which can normally be solved under appropriate approximations. It combines mathematical simplicity with adequate physical insight and has been adopted in various branches of science ranging from optics to nuclear physics. If the interacting systems are quantum their dynamics can be satisfactorily described in the framework of quantum mechanics based on the Schrödinger equation or density matrix approach, for instance. However, for describing classical and quantum systems coupled together a special approach is required. It was originally developed to model the dynamics of lasers where the classical system is normally represented by an optical (mirror) resonator, and the quantum system by an amplifying medium [1] . The basic idea was that the quantum formalism allowed accurate calculation of the medium's polarizability, while the latter could be used in the classical Maxwell equations describing electromagnetic fields in the optical resonator.
With the rapid development of nanotechnology it has become possible to engineer and study hybrid quantum-classical systems at the nanometre scale such as metallic nanoresonators and their arrays (i.e. metamaterials) combined with quantum dots, carbon nanotubes or dye molecules [2] [3] [4] [5] . While the optical response of a metallic nanoresonator is affected by plasmonic excitations and shape effects, its rather complicated dynamics can still be satisfactorily modelled by the harmonic-oscillator equations with appropriately chosen parameters [6] . As we shall show below, this allows us to extend the quantum-classical treatment to modelling analytically a wide range of optical and plasmonic effects in the hybrid quantum metamaterials, such as loss compensation, enhancement of nonlinear response and luminescence, etc. Furthermore, our model can be used to describe the dynamics of superconducting Josephson-junction-based metamaterials, as well as SQUIDs coupled to an RF strip resonator [7] .
Although a wide range of numerical approaches describing rigorously the internal quantum dynamics of molecules have been developed, including time dependent density functional theory, the multi-configurational self-consistent field method, the polarizable quantum mechanical/molecular mechanical method, the capacitance-polarizability interaction model and the discrete interaction model/quantum mechanics (see [11] [12] [13] [14] [15] and references therein), our model takes advantage of the phenomenological approach, which allows relatively simple analytical treatment and provides deeper insight into the physical behaviour of coupled quantum-classical systems. The parameters of such a model can always be found from fitting experimental data and/or using rigorous numerical approaches mentioned above. Another advantage of the proposed model is that it takes into account additional important non-radiative relaxation channels due to stochastic interaction with the environment, which is naturally included in the adopted density matrix approach through two phenomenological relaxation times for polarization and population.
Master set of equations
In this paper we consider a quantum system (QS) placed in the near-field zone of a classical electromagnetic system (CS). The field produced by the CS, E CS , affects the QS, that in turn acts on the CS with its field E QS . In addition, there is an external field E ext of the incident light, which interacts with both the CS and QS.
The actual number of the harmonic-oscillator equations required to adequately describe the CS depends on its particular structure [6] . For illustration purposes we shall restrict our analysis to just one harmonic-oscillator equation, which should not limit the generality of our approach. The dynamics of the QS is modelled using the density matrix formalism.
In the general case the quantum dynamics of the QS, that is assumed to be in contact with a thermostat (environment), is described by the following set of ordinary differential equations [8] :
Here k nm and τ kl are energy and phase relaxation constants, respectively, ω kl is the frequency of the transition from k to l, ρ nn and ρ kl (ρ kl = ρ * kl ) are diagonal and non-diagonal elements of the density matrix, and H kl is a Hamiltonian matrix element responsible for interaction of the quantum system with the external field. Figure 1 . Schematic diagram of the modelled active hybrid metamaterial with quantum ingredients: an array of plasmonic nanoresonators (classical system-CS) covered with a layer of carbon nanotubes (quantum system-QS). E CS is the local field acting on the carbon nanotubes, which is produced by the dipole moments induced in the metamaterial nanoresonators; E QS is the local field acting on the nanoresonators, which is produced by the dipole moments induced in the carbon nanotubes.
In the framework of this formalism the averaged polarization density is expressed through non-diagonal density matrix elements:
µ kl is the dipole moment of a quantum system, which is proportional to the overlap integral between psi-functions of both levels; N is the quantum system concentration.
In the case of resonant interaction, the internal QS dynamics can be modelled to a first approximation by a two-level system subjected to a pump:
Here ρ 22 , ρ 11 and ρ 12 , ρ * 12 are the diagonal and non-diagonal matrix density elements, respectively; τ 2 and τ 1 are the constants describing phase and energy relaxation processes due to the interaction with a thermostat; ω 21 = (E 2 − E 1 )/h is the transition frequency between levels 2 and 1; H 12 is the Hamiltonian matrix element responsible for interaction of the QS with the external fields; W is the phenomenological pump rate-this could model pumping the QS. It is also convenient to introduce new variables N = ρ 22 − ρ 11 and
In order to describe the dynamics of the plasmonic nanoresonator we use the following harmonic-oscillator equation:
Here γ and ω 0 are the loss coefficient and resonance eigenfrequency, E ext and E QS are the external electric field and field generated by the QS respectively and χ −1 is the effective kinetic inductance of the nanoresonator. The dimensionless variable x corresponds here to one the dynamic characteristics of the oscillator, which will be identified later. From equations (4) and (5) we obtain
In order to make the next step it is necessary to determine the nature of the interaction between the CS and QS and write down expressions for H 12 and E QS . We assume that the fields in the near-field zone of both systems are predominantly electric and produced by the effective electric dipole moments d.
The electric field of an oscillating dipole is proportional to d:
Correspondingly, the electric field generated by the dipole moment of the QS at the location of the CS can be written as
where µ QS is the dipole moment of the QS. According to the same relation, the local electric field of the CS is
where µ CS is the effective dipole moment of the CS. From equation (9) it follows that the dimensionless variable has basically the same meaning as the non-diagonal element of the density matrix, namely the dimensionless polarization. It is worth noting that equations (8) and (9) assume both the QS and CS as point-like dipoles. Despite the evident importance of addressing the overlap between the spatially inhomogeneous field of the plasmonic nanoresonator and localization of the quantum system, we believe this corresponds to the next level of complication, that is not essential for adequate modelling of the response dynamics. The Hamiltonian of interaction H 12 is defined by the following expressions:
Substituting equations (8) and (10) into (6) we obtain
Here N 0 is the population inversion due to the pump (in the absence of the pump N 0 = −1); N 0 > 0 corresponds to the regime of amplification; N 0 < 0 to losses. Both eigenfrequencies ω 21 and ω 0 are the resonance frequencies of the QS and CS respectively and can vary independently. The rotating wave approximation for system (11) is introduced through the following notations:
resulting in
Equations (13) are the master set of equations describing the regular dynamics of the interacting QS and CS. Taking into account stochastic noise sources, the set becomes
Here ξ ρ and ξ x are the stochastic Langevin terms, which take into account spontaneous emission and thermal fluctuations respectively (a description of the stochastic term influence can be found in [9] ).
Modelling nonlinear response enhanced by metamaterial
Here we illustrate application of our approach for modelling the enhanced nonlinear optical response demonstrated recently in a plasmonic metamaterial combined with carbon nanotubes (CNTs) [5] ; see figure 1. In such a hybrid quantum-classical system the metamaterial structure works as a light concentrator, locally enhancing optical fields, which are coherent with the incident field and also affect the response dynamics of the CNTs. In the resonance case the intensity of the local fields can become significantly higher than that of the incident wave and therefore substantially affect the dynamics of the CNT response. The nonlinearity of the CNTs appears due to the saturation induced by the direct pumping of such a two-level-like quantum system and basically requires neither positive N 0 nor the presence of a nanoresonator. The enhancement of the nonlinearity is caused by the additional pumping channel, where the external field transfers energy to the CNTs through the nanoresonator. This is described by the term
in the first equation of system (14) .
In order to solve (14) analytically, we assume that the plasmonic resonator is driven mainly by the external electric field: dρ 12 dt
Both eigenfrequencies ω 21 and ω 0 are the resonance frequencies of CNT and the metamaterial respectively and can vary independently; α x ∼ µ CNT µ MM , α ρ ∼ µ CNT χ, µ CNT is the CNT dipole moment for the band gap transition, and µ MM is the effective metamaterial dipole moment.
Below we consider the case of CW excitation as an approximation of the pumping regime used in [5] :
Our goal is to express and find the effective dielectric constant of the CNT layer
as a function of all parameters and the intensity (the second term in brackets appears due to the metamaterial itself); here, n CNT and n MM are the concentrations of CNTs and metamolecules, respectively. The imaginary part of the dielectric constant is responsible for the losses and its intensity and frequency dependence could be compared with experiments.
In order to make the expression for the dielectric constant more compact we combine the resonant factors that will often appear in the text, introducing the following parameters:
We also introduce coupling constant σ = α x χ µ CNT . The expressions containing the non-diagonal element of the density matrix are given by
We finally arrive at a compact expression for the population as a function of the external field:
where
Here S 0 and S account for the saturation and enhanced saturation respectively. Taking into account (4) we obtain the following final expression for the dielectric constant for the entire hybrid system of the CNT layer modified in the presence of the metamaterial:
where ε CNT , ε x are the contribution of the CNT and plasmonic nanoresonators respectively. The prediction of our model can be compared to the experimental results [5] in terms of optical losses induced in the CNT layer, which are reflected by the imaginary part of its effective dielectric constant (18). Strictly speaking, the relative absorption of light, L CNT , has to be calculated according to the following expression:
which allows us to describe the effect of nonlinearity enhancement quantitatively. Here d is the effective thickness of the CNT layer; positive values of ε 2 correspond to losses, negative to amplification (the developed model allows us to consider both cases).
Assuming that the imaginary part of ε CNT is smaller compared to the real one, we expand (19) into the series
In order to be close to the experimental procedure in [5] , we considered the relative change of absorption due to saturation in terms of the model parameters:
We also assume for simplicity that the real part of the dielectric constant remains unchanged,
First, the effect will be evaluated for the case when the resonance frequencies of CNT and metamaterial coincide, namely ω = ω 0 = ω 21 . The frequency dependent coefficients in this case become
and the relative absorption change (22) becomes (no pumping of CNT,
In order to visualize the effect of the nonlinear response enhancement, it is necessary to introduce a relative absorption change according to the following expression:
which clearly demonstrates that the increase of the relative absorption change for the CNTs in the presence of the metamaterial (σ = 0) is bigger than for the CNTs alone (σ = 0). The respective dependence is presented in figure 2 (positive values in figure 2 correspond to a decrease of absorption).
From (25) we can conclude the following:
(1) The coupling of the sCNT to the plasmonic nanoresonator enhances the CNT nonlinearity (saturation intensity becomes effectively lower). (2) Losses in the nanoresonator reduce the enhancement effect (higher γ leads to higher saturation intensities). (3) The enhancement is more pronounced in the region of low saturation.
It is rather hard to estimate σ , but even under very conservative assumptions its value can easily become larger than ωγ ∼ 10 28 , and consequently the effect of nonlinearity enhancement should be easily observed in experiments.
It is important to discuss the contribution of the Purcell effect [10] to the nonlinear response of the considered hybrid structure. The Purcell effect appears when the density matrix elements, which are operators, become averaged over possible states of the system. These states are the combination of the states of CNT (assumed to be eigenstates of the CNT unperturbed Hamiltonian) and states of the electric field of the incident wave, as well as that produced by the nanoresonator. In the framework of our approach both fields contain a huge number of photons and to this extent are safely classical, so the density matrix operator averaged over possible states becomes a function. The Purcell effect (increase of DOS of the field generated by the nanoresonator) is included in the constant α x , which is basically an integral over the mentioned possible states of the system, and consequently the only constant that can be changed. Given that the coupling constant σ = α x χ µ CNT in (17) is proportional to α x , the Purcell effect cannot be distinguished from the field enhancement. There are two relaxation times in our model-τ 1 and τ 2 . Both appear as a result of the interaction with the thermostat, i.e. with all possible fields except those produced by the nanoresonator (described by parameter α x ), and therefore are not affected by the Purcell effect.
Results and discussion
The following strategy has been adopted in order to assess the validity of the proposed model. We first compare the calculated and measured data for the CNT layer alone and find the CNT model parameters from fitting the measured data. Then we repeat the same procedure for the metamaterial without the CNTs to find the model parameters for the nanoresonator. Finally, we consider coupling between the CNTs and the metamaterial structure and analyse the outcome of the model for different values of the coupling constant σ . Direct comparison between calculated and measured data for the coupled system will be the subject of a separate publication.
CNTs alone
It turns out that experimentally measured absorption spectra of the CNT layer exhibit visible asymmetry [5] , which can be explained by the fact that the absorption lines of deposited CNTs have different central frequencies. The effect of such inhomogeneous broadening is not included in the density matrix formalism and has to be taken into account by an additional averaging over the respective probability distribution function (PDF). We assume in our modelling that the PDF of the CNTs consists of two peaks, with both central frequency and bandwidth treated as parameters that can be found from fitting the experimental spectrum.
The absorption spectrum in this case was calculated according to the following expressions:
where the following values of the fitting parameters were used: ω 1 = 99 945 × 10 14 rad s −1 , ω 2 = 92 174 × 10 14 rad s −1 , ω 1 = 165 × 10 10 rad s −1 , and ω 2 = 52 × 10 10 rad s −1 . The results of the related absorption spectra as a function of wavelength and saturation level are presented in figure 3(a) ; the respective PDF is given in figure 3(b) .
Metamaterial alone
For retrieving metamaterial parameters we used expressions similar to (26) but without invoking the PDF-based averaging procedure:
Note that the calculated absorption spectrum of the metamaterial does not match the experimental one reported in [5] , which is stipulated by a very simple model for the plasmonic metamaterial, based on a single harmonic oscillator. As can be seen from (27), the spectrum dependence of the absorption is given by the function |R x | 2 , and in order to achieve a good match between the observed and calculated metamaterial spectral response it is necessary to either consider a set of several coupled oscillators [6] , or just choose an appropriate fitting function for |R x | 2 . Here we limit ourselves to demonstrating the adequateness of our very simple model. Correspondingly, in what follows we exploit the calculated absorption spectrum of the metamaterial structure shown in figure 4 . It is worth noting that in the presence of the CNT layer the central frequency of the metamaterial absorption peak will be shifted, reflecting the fact that the plasmon resonance frequency depends on the dielectric constant of the environment. This effect is not included in our model itself, but it is taken into account by the fact that the central frequency ω 0 is a fitting parameter.
CNTs combined with metamaterial
Here we present the results of modelling the enhancement of CNT nonlinearity based on the values of the fitting parameters retrieved in the two previous sections; the only parameter that could not be determined using the experimental data is the coupling constant σ , which is the subject of a separate consideration.
We consider two possible realizations of CNT coating: (i) with purely homogeneous distribution of CNT parameters over the metamaterial surface (the PDF in figure 3 (b) becomes a delta function), and (ii) inhomogeneous, when each CNT has different eigenfrequency and oscillates with eigenphase shifted relative to the incoming field as well as the local field of the metamaterial nanoresonator. In the homogeneous case we do not take into account the spatial distribution of the CNT eigenfrequency in calculation of the absorption, which means that we can simply sum up the effective dielectric constants of the CNT and metamaterial layers when calculating their combined response. In the inhomogeneous case the contribution to the absorption from the CNT molecules becomes not fully coherent and has to be taken into account separately from that of the metamaterial. This can be done by summing up the refractive indices of the CNT and metamaterial instead of their dielectric constants.
As can be seen from figure 2, the effect of the nonlinearity enhancement is most pronounced for small saturation values and can even be observed in the absence of the metamaterial, provided the saturation parameter exceeds 3. The homogeneous case is described by the following system of equations:
while for the incoherent case
Here ε 1,CNT A , ε 2,CNT A corresponds to CNTs driven by the external field, ε 1,CNT x , ε 2,CNT x is the CNT contribution due to the local field of the nanoresonators, and ε 1,x , ε 2,x are the effective dielectric constants of the metamaterial alone. Figure 5 presents the results of our calculations for the homogeneous and inhomogeneous cases with the saturation parameter set to 3.
For comparison we also present here the absorption of the metamaterial alone (red curve in figure 5 ). The absorption spectra of the CNT-coated metamaterial are red-shifted with respect to the uncoated structure due to the fact that the CNTs effectively increase the density of the dielectric environment for the nanoresonators. In order to demonstrate the effect of the metamaterial on the absorption change due to saturation, we plotted the normalized absorption change L CNT and MM L CNT and MM , shown in figure 6 . Figure 6 clearly demonstrates that in the homogeneous case the effect appears to be more pronounced, which leads to the general requirement of maximizing the homogeneity of the deposited CNT layer.
Conclusion
An analytical model for describing the complex dynamics of a hybrid system consisting of interacting classical and quantum resonant structures has been developed. An application of this model for enhancement of saturation nonlinearity in the system of coupled CNT and metamaterial has been demonstrated. The model adequately reproduces the absorption spectrum of the CNT layer alone taking into account the inhomogeneous distribution of the nanotubes' absorption lines. The model clearly demonstrates the effect of saturation nonlinearity enhancement due to the presence of the metamaterial, and the dependence of the effect on the homogeneity of the CNT layer.
